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§1. Introduction 

In this paper, we prove that each of compact linear groups of one certain type admits 
a semialgebraic continuous factorization map onto a real vector space. This problem arose 
from the question when the topological quotient of a compact linear group is homeomorphic 
to a vector space that was researched in [11 mil [5]. 

For convenience, denote by Pr (resp. by Vc) the class of all finite-dimensional Euclidean 
(resp. Hermitian) spaces. Let F be one of the fields R and C. We will write {k ^ 0) for 
the space F*^ G Pp whose standard basis is orthonormal. For any spaces Wi, 1+2 € T^f, we 
will write l+i © I +2 for their orthogonal direct sum l+i © t +2 € Vv (unless they are linearly 
independent subspaces of the same space). For any space W € Vv, denote by S'(l+) the real 
subspace {A G EndF(l+): A = A*^ C EndF(l+), by 0(1+) the compact Lie group {C G 
G GLf(1+) : CC* = E} C GLf(1+), and by SO(l+) its compact subgroup 0(1+) fl SLf(1+). 

The following theorem is the main result of the paper and will be proved in §H 

Theorem 1.1. Consider a number k G {1, 2}, a space W G Pw such that dimF W ^ 2—k, 
and the representation 

0(1+): {S{W)/{RE)) C: {A + mE,B) ^ {CAC-^ +RE,CB). (1.1) 
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1) If k = 1, then there exist a real vector space V and, in terms of the representation 

0{W): y©F, C: (w, A) (i", detp C-A), a semialgehraie continuous (0{W))-equivariant 
surjective map (S'(VF)/(Ri?)) © Homf(F^, ^ © F whose fibres coincide with the 

(SO (W))-orbits. 

2) If k = 2, then there exist a real vector space V and a semialgehraie continuous surjective 
map (S'(VF)/(K.£^)) © HomF(F^, VF) V whose fibres coincide with the (^0(W))-orbits. 


§ 2. Auxiliary facts 

Consider a space W € Pw and the subsets S+{W) := {^A G S(W): A ^ 0} C S{W) and 
So(W) := (-5'+(tC)) \ (GLf(H^)) c -S'+(VF) C S{W). 

Set AI{W) := {{A,X) € S+{W) x¥: detFA=|A|2} cS{W)®¥. 

The following statement is well-known. 

Statement 2.1. The fibres of the map tt: EndF(lT) —>■ S'(1T)©F, X (XX*,detFAr) 
coincide with the orbits of the action 

SO(tT) : EndF(lT), C:X^ XC-^, (2.1) 

and 7r(EndF(lE)) = M{W) C 5'(1E) ©F. 

Lemma 2.1. The map M(W) —?• (5'(1E)/(RE)) ©F, (A, A) —5> (A+R.E, A) is a bijection. 

□ See Lemma 5.1 in [3]. ■ 

Corollary 2.1. The map S'o(lT) —>• S'(1E)/(IR.E), A ^ A-\- RE is a bijection. 

Corollary 2.2. The map EndF(lE) (S'(1T)/(RE)) © F, X ^ (XX* + RE, detF X) 
is surjective, and its fibres coincide with the orbits of the action (ED). 

□ Follows from Statement o and Lemma EH ■ 

Now consider arbitrary spaces W, lEi G Ef over the filed F. 

Statement 2.2. The fibres of the map tt: HomF(Wi,lE) —>• <S'(1E), X — s- XX* coincide 
with the orbits of the action 

0{Wi): HomF(TTi, IT), Ci: X ^ XCf^, (2.2) 

and 7r(HomF(lTi, IT)) = {A G S'+(1T): rkF Al ^ dimFlTi} C S'(IT). In particular, in the 
case dimF ITi = dimF IT — 1, we have 7r(HomF(lTi, IT)) = S'o(lT) C S'(IT). 

We omit the proof since it is clear. 

Corollary 2.3. Suppose that dimF ITi = dimF IT — 1. Then the map HomF(lTi, IT) —>■ 
—>■ S'(1T)/(RE), X — >■ XX* + RE is surjective, and its fibres coincide with the orbits of the 
action (1^ . 

□ Follows from Statement eh and Corollary eh ® 
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§ 3. Proof of the main result 

In this section, we will prove Theorem ll.il 

First of all, let us prove the claim for a pair (fc, W) {k € {1, 2}, W G 'Pf, dimF W = 2 — k). 
If k = 2 and W = 0, then the space of the representation (HU is trivial. If k = 1 and 
dimp IF = 1, then the representation (ED is isomorphic to the tautological representation 
of the group 0(1F) and, consequently, to the representation 0(1F): F, C: A ^ detF C • A, 
and the subgroup SO(IF) C 0(1F) is trivial. 

This completely proves the claim for a pair {k, W) {k G {1,2}, W G Pp, dimp W = 2 — k). 
Take an arbitrary pair (fc, W) {k G {1, 2}, W G Pp, n := dimp W > 2 — k) and assume 
that the claim of Theorem o holds for any pair (/c, Wi) {Wi G Pp, dimp Wi = n — 1). We 
will now prove it for the pair (k,W). 

Since n > 2—k ^ 0, there exists a space Wi G Pp such that dimp Wi = n—1. Consider the 
embedding E: O(lFi) ^ 0(lFi ©F^), ii(C'i): (xi,X 2 ) (CiXi,X 2 ). The representations 

O(lFi): S{Wi © F'^), Cl: A ^ R{Ci)AR{C^^) (3.1) 

and O(lFi): S'(lFi) © HomF(F^ IFi) © S'(F'=), Ci: {Ai,B,A 2 ) {CiAiC^\CiB,A 2 ) are 
isomorphic via the (0(lFi))-equivariant R-linear isomorphism 

9: S{Wi) © Homp(F^ Wi) © S'(F'=) ^ S'(lFi © F'^), 

9{Ai,B, A 2 ): {xi,X2) {Aixi + Bx2:B*xi + A2X2). 

Therefore, the representation (ED is isomorphic to the direct sum of some trivial real 
representation of the group 0(Wi) and the representation 

O(lFi): (^(^^/(RP)) ©HomF(F^lFl), Ci: (Ai + RP, P) ^ (Ci^iCf^ + RP, CiP) 

with trivial fixed point subspace. Thus, there exist a real vector space V' and an isomorphism 
ip: S{Wi © F'=)/(RP) ^ W © (^(^^/(RP)) © Homp(F'=, Wi) of the representations 

O(lFi): ^(IFi ffiF'=)/(RP), Ci: ^ + RP ^ P(Ci)y4P(Cf ^) + RP; 

O(lFi): V' © (^(^^/(RP)) © HomF(F'=, Wi), 

Cl: (P, Ai + RP, B) -G (P, Ci^iCf^ + RP, CiP). 

In terms of the representations 

0(1F) X O(lFi): Homp(lFi © F'^, IF), (C, Ci): Z ^ CZR{C^^)-, 

0(1F) X O(lFi): (5(1F)/(RP)) ©Homp(F^lF), 

(C, Cl): {A + RP, B) -G {CAC-^ + RP, CP); 

0(1F) X O(lFi): V' © (S(Wi)/(RE)) © Homp(F'=, IFi), 

(C, Cl): (P, Ai + RP, P) ^ (v', CiAiCf^ + RP, CiP), 
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the maps 


TTo: HomF(W^i ©F^tF) (5'(Vh)/(Ri;)) © HomF(F^ tF), 

z —>■ {{^z\wi){z\wi)* +Ri?,^|F'=); 

i): HomF(Vhi ©F'=, W^) F'© (S'(tFi)/(K£;)) © Homr(F'=, Vhi), Z ^ if {Z*Z + M.E) 

are (0(hh) x 0(W'i))-equivariant. By Corollarv l2.3l the map ttq is surjective, and its hbres 
coincide with the ( 0 (hhi))-orbits. 

Case 1). k = 1. 

Consider the representation 

0{W) X O(bhi): F'© (5 '(H^i)/(RF;)) ©HomF(F'=,tCi)©F, 

(C',Ci): iv',Ai+RE,B,f) {v',CiAiC{^ +RE,CiB,detwC ■ detwC^^ ■ f). 

Since dimF Wi = n—1, there exist a real vector space hi and, in terms of the representation 
0{W) X O(hhi): F'©Cl©F^, (C, Cl): (u', ui. A, fi) —>• (n', ui, detF Ci ■ A, detp C-detF Cf ^ ■^), 
a semialgebraic continuous ( 0 (Vh) x 0 (W'i))-equivariant surjective map 

TTi: 1/' © (S'(hhi)/(K£;)) © HomF(F^ Vhi) © F ^ F' © Vi © F^ 

whose fibres coincide with the (SO(hhi))-orbits. Since dimF(hhi © F^) = (n — l) + fc = n = 
= dimp W, we can identify W and Wi © F^ as spaces of the class Vr. The map 

HomF(lTi © F^ W) ^ V ® (S'(lTi)/(RC)) © HomF(F'=, ITi) © F, 

Z ('0(Z), detF Z) = [if{Z*Z + KC), detF Z^ 

is (0(1T) X 0(Wi))-equivariant. Also, by Corollary 12.21 the map ip is surjective, and its 
fibres coincide with the (SO(lT))-orbits. Hence, the map tti otp: HomF(hhi © F^,1T) —>■ 
—>■ C' © hi © F^ is (O(hT) X 0(hhi))-equivariant and surjective, and its fibres coincide with 
the (SO(hT) X SO(hTi))-orbits. If we consider the representation 

0(hh) X O(hTi): 1/' © hi © R © F, (C, Ci): (w', vi,t, (^^ vi,ti detp C ■ A), 

then the map 7 : h^' © hi © F^ —>■ h^' © Vi © R © F, {v\ vi,X, f) —>■ (w', vi, |Ap — |/rp, A/r) is 
(0(1T) X 0(hhi))-equivariant. Denote by T the multiplicative group {c € F: |c| = l}. We 
have n > 2 — fc = 1, dimp hhi = n — 1 > 0. Consequently, 

{detFCi: Cl e O(hhi)} =T. (3.2) 

One can easily see that the map F^ —R©F, {X,f) —5> (|Ap — |/rp, A/r) is surjective, and its 
fibres coincide with the orbits of the representation T: F^, c: (A,/i) —>■ (cA, c“^/r). By (13.211 . 
the map 7 is surjective, and its fibres coincide with the (O(hhi))-orbits. It follows from above 
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that the map 707 riO'i/;: HomF(W"i©F^, —>■ y'©Vi©M©Fis ( 0 (hh) x 0 (M^i))-equivariant 

and surjective, and its fibres coincide with the (SO(Vh) x O(Vhi))-orbits. 

Recall that the map ttq is (0(lR) x 0(hFi))-equivariant and surjective, and its fibres 
coincide with the (0(tRi))-orbits. Therefore, there exists an (0(tT))-equivariant surjective 
map tt: (5'(lT)/(Riii)) © HomF(F^, IT) —>■ R' © Vi © R © F satisfying ttotto = j o m o tp 
whose fibres coincide with the (SO(lT))-orbits. Since the maps 7 , tti, i/), ttq are semialgebraic, 
continuous, and surjective, so is the map tt. 

This completely proves the claim in the case k = 1. 

Case 2). k = 2. 

Since dimp Wi = n — 1, there exist a real vector space Vi and a semialgebraic continuous 
surjective map tti : R' © (S'(lR'i)/(Riii)) © HomF{F^,lRi) —>■ R' ® Ri whose fibres coincide 
with the (0(lRi))-orbits. Further, dimF(WiffiF^) = (n —l) + fc = n+1 = dimFlR+1, and, by 
Corollary 12.31 the map ip is surjective, and its fibres coincide with the (0(1R))-orbits. Since 
the map ip is (O(tR) x 0(fRi))-equivariant, the map TTiotp: HomF(fRi ©F^, W) R'©Ri is 
surjective, and its fibres coincide with the (0(lR) x 0(lTi))-orbits. Recall that the map ttq is 
(O(tR) X 0(lRi))-equivariant and surjective, and its hbres coincide with the (0(fRi))-orbits. 
Hence, there exists a surjective map tt: (S'(fR)/(RH)) ©HomF(F^,fR) —>• R'©Ri satisfying 
TT o ttq = TTi o pj whose fibres coincide with the (0(tR))-orbits. Since the maps tti, ip, ttq are 
semialgebraic, continuous, and surjective, so is the map tt. 

This completely proves the claim in the case k = 2. 

Thus, we have completely proved Theorem ll.lh using mathematical induction on dimF W 
separately for each number k G {1,2}). 
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